Abstract. Borcea-Voisin threefolds provided some of the first examples of mirror pairs in the Hodge-theoretic sense, but their mirror symmetry at the quantum level have not previously been shown. We prove a Givental-style quantum mirror theorem for certain Borcea-Voisin threefolds: by means of certain birational models, we show that their Gromov-Witten J-functions are related by a mirror map to solutions of the multi-parameter Picard-Fuchs equations coming from the variation of Hodge structures of their mirror partners.
Background
Mirror symmetry is one of the most influential strands of current algebraic geometry motivated by physics. In string theory, space-time is locally modelled as the product of the four standard dimensions with a Calabi-Yau complex threefold. In many cases these threefolds come in mirror pairs, where the Hodge diamond of one is that of its mirror partner rotated by a right angle. From a physical perspective, the observables of the type IIA string theory of the one (which depends on the Kähler structure, varying in a moduli space of dimension h 1,1 ) are identical to the observables of the type IIB string theory of its mirror (which relates to the complex structure, varying in a moduli space of dimension h 2,1 ). There is of course more than just homology to be considered in the full physical duality; for the observable physics to be the same, the quantum correlators of the two theories must also be related in some way. These correlators may be packaged into potentials, from which may be derived J-functions and I-functions respectively. This has several mathematical consequences, some of which were first noticed by the physicists Candelas, de la Ossa, Green and Parks [5] . The Type IIA correlators count classes of worldsheets on the manifold subject to certain conditions. The mathematical formulation of this curve-counting theory is known as Gromov-Witten theory, and these correlators may be expressed in terms of Gromov-Witten invariants. On the B side, the I-function is given as an optimal solution of the Picard-Fuchs equations of a family of Calabi-Yau threefolds, combining all of its periods integrals.
In the early 1990s, Borcea [3] and Voisin [20] described a class of Calabi-Yau threefolds, given as (E × K)/ σ E × σ K , where E is an elliptic curve, K is a K3 surface, and σ E , σ K are anti-symplectic involutions acting on them respectively. They showed that these threefolds exhibited Hodge-theoretic mirror symmetry. However, their mirror symmetry at the quantum level has not previously been demonstrated.
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The Aim of this Paper
Topological symmetry for Borcea-Voisin orbifolds is well known, and was in fact one of the first examples of mirror symmetry shown for Calabi-Yau threefolds, after the quintic. A full physical mirror symmetry was proved in genus-0 for the quintic by Givental [11] . The aim of this paper is to prove a similar theorem for Borcea-Voisin threefolds. The results may be summarised in the following theorem. 
where The restrictions to the theorem are due to the limits of available computational power. It is of course strongly suspected that these methods should generalise entirely for all ambient genus-0 Gromov-Witten invariants and all Borcea-Voisin threefolds with twisted rational models.
3. Preliminaries 3.1. Gromov-Witten theory. Gromov-Witten theory provides a means to count curves intersecting given homology classes, and to provide a definition of what this should mean in certain subtle boundary cases. First, we must define stable curves.
A marked (possibly orbifold) curve (C, p 1 , p 2 , . . . , p n ) is stable if C is connected, compact, at worst nodal, no marked point is a node, and has finitely many automorphisms which fix the marked points. That is, every genus 0 irreducible component containing at least three marked points and every genus 1 component has at least one marked point. There is a well-defined projective moduli stack M g,n (Y, β) of stable maps to Y, where the source curves are of genus g with n marked points, and the image of the maps lie in the class β ∈ H 2 (Y). [8] We call this a 'closure' of the moduli space of maps from the smooth curves, but the 'boundary' made up of nodal curves may in fact have larger dimension. Therefore instead of integrating over the fundamental class, we must integrate over a specified virtual fundamental class [M g,n (Y, β)] vir [10] .
To an orbifold Y we associate an inertial manifold IY = (g) F ix(g)s. This moduli space is endowed with evaluation maps ev i : M g,n (Y, β) → IY, given in the manifold case by ev i : f → f (p i ). In the orbifold case, the inertial orbifold allows us to keep track of which twisted sector the evaluation map sends a marked point to. We also use this to define Chen-Ruan cohomology [9] , the natural cohomology for orbifolds.
For γ 1 , γ 2 , . . . γ n ∈ H * CR (Y) we define the Gromov-Witten invariants
In simple cases this can be thought of the number of curves transversely intersecting specified subvarieties. More generally, we may wish to include tangency conditions. For this, we note that there is a well-defined smooth orbibundle L i → M g,n (Y, β) whose fibre at each curve f in the moduli space is the cotangent space at f (p i ).
We define ψ i = c 1 (L i ). At orbifold points we must include the multiplicity of the point as an extra factor, so that ψ i = nψ i [8] . Then the descendant Gromov-Witten invariants are given by
All these invariants may be packaged into
. This is the generating function for the genus-g descendant potential
which takes values over the Novikov ring C[[H 2 (Y)]] (or, in our case, the subring involving only effective classes
As in [8] , we generally specify a degree-two basis {ϕ α } of H * CR (Y), and write t = k≥0 α t α k ϕ α z k . After making changing variables according to the dilaton shift,
we define define Givental's Lagrangian cone {∂ q F = p}. Off zero, it is easy to check that this is a Lagrangian submanifold of the whole phase space, and a cone.
It is the image of the Gromov-Witten J-function
This is the object of interest in quantum mirror symmetry on the A (GromovWitten) side.
Picard Fuchs Equations and Gauss-Manin Connections.
We follow the introduction given by Morrison [17] . Given a family of Calabi-Yau n-folds M ψ , a smoothly varying family of holomorphic n-forms ω ψ , and holomorphically varying classes γ i (ψ) which generate the n-homology of M ψ , the period integrals of the family are defined to be γi(ψ) ω ψ . Where γ i (ψ) varies along a non-contractible path in the base of the family, monodromy considerations must be taken into account, so that the period integrals demonstrate non-trivial behaviour.
We list all the period integrals for each γ i into a vector
Consider the span of the first k ψ-derivatives of v(z). For generic ψ, the dimension is constant, and boudnded by r + 1. Therefore, for some k, the first k ψ-derivatives are linearly dependent, so that we have a j (ψ) such that
The Picard-Fuchs equation characterises the period integrals, so it is given by
In order to avoid complications from singularities, it is common to rewrite this as
The full space of complex structures of a given Calabi-Yau threefold Y is given by H 2,1 (Y). Thus the full Picard Fuchs equations are derived from varying Hodge structures within a family of dimension at most h 2,1 . In the case of the quintic threefold and elliptic curves, h 2,1 = 1, so we derive one equation in one parameter ψ.
In the more general case, including complete intersections and all Borcea-Voisin manifolds, the full story requires a multi-parameter model: in fact the simplest Borcea-Voisin case is a three-parameter model. Consider a Calabi-Yau threefold M given as the quotient of some hypersurface {Q = 0}/G in some weighted projective space P 4 (q). The local ring R loc of such Calabi-Yau quotients may be generated by the degreed G-invariant monomials of the weighted projective space, identified with a subspace of the cohomology ring (in fact, that part induced from the ambient weighted projective space). That is, it has a degree-symmetric graded basis
It may therefore be given as a quotient C[x, y, z, w, v] G /I, where I is generated as an ideal by relations among the m i .
Varying the complex structure of M along these monomials produces a family
The Picard-Fuchs equations are then given by the generating relations of I, replacing m i by ∂ ∂ψi , and depending on convention changing variables to some appropriate power of ψ. Furthermore, often only a cursory examination of the structure of R loc is required to determine the number and order of the Picard-Fuchs equations. For example, for a Calabi-Yau threefold in a one-parameter family, its local ring has a basis {1, m, m 2 , m 3 }, so that there is one relation expressing m 4 as a linear combination of the rest, given a fourth-order equation. For a three-parameter model, there are six possible degree 2d products of m 1 , m 2 , m 3 , but the degree-2 part of the local ring must have degree 3; therefore there must be three relations of degree 3, giving 3 Picard-Fuchs equations of order 2, as well as other more complicated equations of higher order.
Another understanding was originally provided by Manin [16] . Given a oneparameter family π : V → B, the vector bundle R n π * C ⊗ O B over B comes with a natural Gauss-Manin connection, ∇ GM (ψ), for ψ ∈ B. Let ω ψ be a holomorphic form of appropriate degree to define the period integrals. Then relations
correspond to the Picard-Fuchs equations
, satisfied by the period integrals. Then the Picard-Fuchs equations can be seen in fact to be equivalent to the Gauss-Manin connection, in that they define the flat sections. An analogous situation holds for multi-parameter families.
In general, the solutions to the Picard-Fuchs equations (that is, the periods) may be compiled into an optimal solution, a multivariate function of all parameters, known as the I − f unction of that family. This is the object of interest in quantum mirror symmetry.
For one-parameter families, the Dwork-Griffiths method provides a method to compute the (one) Picard-Fuchs equation. Suppose we have a family of polynomials Q ψ (x 0 , x 1 , . . . , x n ) of degree d and weights w 0 , . . . , w n . Maximal-degree differentials on P(w 0 , . . . , w n ) are given by P Ω/Q with matching degrees for the numerator and denominator, where
Such forms may be associated to linear forms on H n (P(w 0 , . . . , w n )) by the map γ → γ P Ω Q r . This sets up a correspondence between H n (P(w 0 , . . . , w n )) and the forms P Ω Q r modulo J Q ψ . The key to the algorithm is Griffiths' reduction of pole order formula modulo J Q ψ . Choose arbitrary polynomials P i of degree w i +rd− n i=1 w i . Then the exterior derivative of
It follows that
That is, whenever the numerator of a rational n-form is in J Q ψ , it is possible to reduce the pole order explicitly. Starting with such an n-form and taking its derivatives, we may perform this reduction as many times as needed to determine linear relation among them. This will give the Picard-Fuchs equation.
3.3. Borcea-Voisin Orbifolds. Borcea [3] and Voisin [20] constructed a set of Calabi-Yau threefolds, most of which naturally come in mirror pairs. Let E be an elliptic curve, endowed with its natural involution σ E , induced by the map z → −z in the representation E = C/Λ for some lattice Λ. Let K be a K3-surface endowed with an anti-symplectic involution σ K , that is, an involution which induces the map −I on H 2 (K). These latter were initially studied by Nikulin in [18] . Then the quotient Y = (E × K)/ σ E , σ K , or more properly its smooth resolution, is a Borcea-Voisin manifold. It is clearly a Calabi-Yau threefold.
The cohomology of Y depends on the K and σ K . The fixpoint set of σ K is given by a union of N curves, whose genera sum to N ′ . It follows that the H * , * (Y) is given by
We find that for several Nikulin involutions of K3 surfaces whose fixpoint set has N components and whose genera sum to N ′ , there is another with N ′ components whose genera sum to N , [20] . These therefore correspond to mirror Borcea-Voisin manifolds in the Hodge diamond sense, with N = 0, N ′ = 0 and N = 2, N ′ = 2 corresponding to self-mirror manifolds.
Suppose
2 + g(y, z, w)} ⊂ P(w 0 , w 1 , w 2 , w 3 ), and gcd(v 0 , w 0 ) = 1. As in [2] define the twist map
The image of E × K under this map is the hypersurface
T | E×K is generically a double cover; the quotient map induces a birational equivalence Y Y fitting into the commutative diagram
2 has a Borcea-Voisin mirror, then that mirror may be given by (E f × Kǧ)/Z 2 in the same way. E f is self-mirror, and Kǧ is the mirror K3 surface of K g . A list of Borcea-Voisin mirror pairs may be found expressed concisely in [1] . We list two examples below. To each Borcea-Voisin orbifold Borcea [3] associated invariants (r, a, δ) coming from the Picard lattice. In Borcea's notation, these correspond respectively to Borcea-Voisin orbifolds X(1, 1, 1) X(19, 1, 1) X(6, 4, 0) X (14, 4, 0) For the first mirror pair, a twist map is defined when E is modelled by {X 2 + Y 4 + Z 4 = 0}, and for the second when E is modelled by {X 2 + Y 3 + Z 6 = 0}.
The Gromov-Witten Theory of Borcea-Voisin Varieties
In [19] , based on work of [6] , we found the ambient, genus-zero Gromov-Witten I-function of Borcea-Voisin varieties of the form E = {X 2 + f (Y, Z) = 0} ⊂ P(v 0 , v 1 , v 2 ) and K = {x 2 + g(y, z, w)}, by means of expressing the ambient spaces
as toric stacks in the sense of [4] . For the purposes of that paper, we were chiefly interested in the Fermat polynomials. Here we shall use the same formulation for more general polynomials. The Gromov-Witten J-function is found there from an I-function via a 'mirror map', but one which is not shown to solve any Picard-Fuchs equations. We restrict to the Chen-Ruan sectors induced by D E = {Y = 0}, D K = {y = 0} and the Chen-Ruan sector 1 σ corresponding to the involution σ, and set
Then, from [19] , we have 
It follows there from results of [6] that the Gromov Witten J-function is given by
where IY = F (t)z + G(t) + O(z −1 ) and τ (t) = G(t)/F (t) is the classical topological mirror map.
In three dimensions, any two minimal models (including Calabi-Yau threefolds by definition) are related by a sequence of flops [14] . Furthermore, quantum cohomology and therefore genus-zero Gromov-Witten invariants are invariant under flops [15] (indeed Gromov-Witten theory is conjectured to be so more generally). It follows that the genus-zero J-functions of Y and Y are equal.
The Picard-Fuchs equations of Borcea-Voisin Threefolds
All computations in this section requiring Groebner bases were performed with the aid of Macaulay2. We work with the hypersurface birational model Y. For all cases, there are σ-invariant quasi-homogeneous monomials of the same degree as the defining polynomials of degree d given by
More generally, there may be p extra independent monomials m ′ i , depending on f (Y, Z) and g(y, z, w). A suitable most general variation of Hodge structures is given by the family of polynomials
We seek homogeneous relations between these monomials modulo J Q , in degrees 2d, 3d and 4d.
The Involution Equation.
For all Borcea-Voisin manifolds for which the twist map is well defined, we have the 'involution relation' m E m K = m 2 σ , which may be thought of as characterising the involution. This cedes one Picard-Fuchs equation, which we shall call the involution equation:
This equation holds for the period integrals of every Borcea-Voisin threefold for which a twist map exists.
5.2.
The full 3-parameter Picard-Fuchs equations for X (1, 1, 1) . We find the Picard-Fuchs equations for Y when E = {X 2 + Y 4 + Z 4 = 0} and K = {x 2 + y 6 + z 6 + w 6 = 0}, so that under the twist map
We consider the monomials m E , m K , m σ . We must find a complete generating set of independent homogeneous relations between them, up to degree 4d. First, all calculations must be done modulo the Jacobean ideal J Q ψ . A Groebner basis for the Jacobean is found, and then all calculations are performed via the normal form.
(This Groebner basis calculation is the chief inhibitor in terms of computation time, especially when the defining equations have degrees higher than those examples dealt with in this paper.) Degree 2d. There are 6 products of the m E , m K , m σ of degree 2d. By Poincaré duality they span a 3-dimensional subspace of the local ring. There are therefore 3 independent relations. One is of course provided by the involution relation R 1 := −m 2 σ − m E m K . To find the other two, we first express the monomials in normal form with respect to the Gröbner basis of J Q , and reduce the resulting coefficient matrix. After a convenient choice of minors, we find the relations
Similarly to before, the relation for mK derived from the Griffiths-Dwork method can be derived from these. All of these relations together may be checked to have rank 9, as required. Degree 4d. We multiply all of the degree-3d relations by mE, mK, mσ to find 27 relations; the coefficient matrix of these relations in the product monomials of mE, mK, mσ is of rank 15, which is the number of possible product monomials of degree 4d. Therefore this is a complete set of monomials and the local ring is indeed 0 in all degrees higher than 3d, and we have no further relations.
Therefore, the full set of Picard-Fuchs operators for the 3-parameter family is given by the following: 
Proof of Quantum Mirror Symmetry
We show that the I-functions already shown to transform to the Gromov-Witten Jfunctions under a mirror map compile solutions to the Picard-Fuchs equations, that is, the period integrals of their respective families. The equations are given in terms of ψ, φ, χ, ϕi. It will be easier to change the variables in the I-function than the Picard-Fuchs equations, by performing the same analytic continuation in [19] , as follows.
After analytic continuation in a we set
so that we can rewrite the factors involving a in a sum over m as
allows us to write the second fraction as
Similarly for the factors involving b, we set n := −2w0DK /z − 2w0b − 2c, and we similarly rewrite these as .
Finally, we make the substitution ψ =q Proof. Consider the coefficient ofq Remark 6.2.1. In [19] we split the I-function into terms corresponding to m mod 4 and n mod 6. These separate terms are in fact themselves solutions compiling separate period integrals. Theorem 6.3 (A quantum mirror theorem for 1-parameter families containing X (6, 4, 0) ). I X(6,4,0) (ψ, 0, 0), I X(6,4,0) (0, ϕ, 0) and I X(6,4,0) (0, 0, χ) satisfy the Picard Fuchs equations for the three 1-parameter families containing the twisted birational model of X(14, 4, 0) parametrised by ψ, ϕ, χ respectively.
Proof. In this case (w0, w1, w2, w3) = (5, 2, 2, 1) . Similarly to the proofs of the previous two propositions, it can be checked that I X(6,4,0) (ψ, 0, 0), I X(6,4,0) (0, ϕ, 0) and I X(6,4,0) (0, 0, χ) lie in the kernels of operators (vi), (vii), (viii) respectively. Remark 6.3.1. In general, the I-function found in [19] for each new extra ambient sector included corresponding to the monomial m Remark 6.3.2. With more processing power than that at our disposal, it should be possible to use the same procedure to find full sets of Picard-Fuchs equations for all Borcea-Voisin threefolds with twisted birational models and verify the quantum mirror theorem in genus zero for all ambient sectors. Another method of attack lies in the GKZ systems of [13] . We leave this for another paper.
